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SYNOPSIS The present paper examines the problem of the dynamic behaviour of a rigid circular found-
ation deeply embedded in bonded contact with a viscoelastic soil mass of infinite extent. The 
viscous phenomena are accounted for by the introduction of a complex shear modulus. By employing a 
rigorous mathematical analysis of the problem an explicit results is derived for the dynamic axial 
compliance of the embedded foundation. The numerical results presented in the paper illustrate the 
manner in which viscous damping influences this compliance. 
INTRODUCTION 
The category of problem which deals with the 
dynamic behaviour of rigid foundations resting 
on the surface of an elastic medium has received 
considerable attention. Detailed accounts of 
the theoretical developments together with ref-
erences to further work are given by Bycroft 
(1956), Richart et al. (1970), Luco and Westmann 
(1971), Selvadurai (1980) and Selvadurai and 
Rahman (1981). Despite the limitations of linear 
elasticity such investigations have been of 
particular value in the dynamic modelling of 
soil-structure interaction problems. The analy-
tical work in this area has recently been ex-
tended to include the behaviour of rigid circu-
lar foundations deeply embedded in linearly 
elastic soil media (Selvadurai, 1980, 1981; 
Selvadurai and Rahman, 1981). Here again, these 
studies attempt to provide an elementary analy-
tical model for the dynamic behaviour of in-situ 
soil testing techniques such as a screw plate 
test or the dynamic response of structural found-
ations such as embedded anchors or helical screw 
piles. 
The limitations of the linear elastic idealiza-
tion in modelling the behaviour of soil media 
are well recognized. By far the most severe 
limitation stems from the lack of dissipative 
material phenomena in the linear elastic model. 
The damping in the linear elastodynamic problem 
stems only from processes such as radiation 
phenomena (Richart et al., 1970; Eringen and 
Suhubi, 1975). When modelling the dynamic 
behaviour of soils it is necessary to take into 
account the possibility of the existence of 
material damping. Extensive experimental studies 
carried out by Whitman (1966), Konder and Krizek 
(1965), Prakash and Gupta (1966), Krizek and 
Franklin (1967), Seed and Idriss (1970), Kondner 
and Krizek (1966), Hardin and Drenevich (1972) 
and others indicate the degree to which naturally 
occurring soils exhibit material damping phen-
omena. References to further work related to 
material damping in soils can be found in the 
articles by Dobry (1970), Richart(l978) and 
Prange (1978). The phenomena contributing to 
material damping in soils are varied and quite 
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complex. To enable the solution of practical 
problems in soil dynamics it becomes necessary 
to develop certain phenomenological models of 
soil behaviour which will accomodate effects of 
material damping. The simplest idealization 
which incorporates material damping represents 
the soil response by linear viscoelasticity. 
Several authors have applied viscoelastic 
analysis to the examination of dynamic problems 
in soil-foundation interaction. The application 
of linear viscoelastic analysis is facilitated 
by the application of the correspondence prin-
ciple to the associated linear elastic problem. 
Kobori et al. (1968, 1971) and Kobori and 
Suzuki (1970)have examined the dynamic inter-
action between a rectangular foundation and a 
viscoelastic halfspace where the contact stresses 
are prescribed a priori. Veletsos and Verbic 
(1973) have obtained the impedence functions of 
a rigid circular foundation resting on a visco-
elastic halfspace in which material damping is 
incorporated through a complex shear modulus. 
Luco (1976) investigated the harmonic response 
of a rigid circular foundation placed on a 
layered viscoelastic medicm. The dynamic re-
sponse of a restrained flexible plate on a 
viscoelastic halfspace is given by Lin (1978). 
Also, Gaul (1978) has examined the dynamic re-
sponse of a rigid rectangular foundation resting 
on a viscoelastic halfspace by employing a 
technique involving a discretization of the 
contact stress distribution. The applicability 
of the viscoelastic idealization to the analysis 
of dynamic soil-foundation interaction is by no 
means firmly established. Nonetheless, linear 
viscoelasticity provides a useful first approx-
imation for the incorporation of certain dissi-
pative phenomena. 
In this paper we examine the dynamic response of 
a rigid circular plate embedded in bonded contact 
with a linear viscoelastic medium of infinite 
extent and subjected to a harmonic excitation in 
the axial direction. The viscoelastic medium is 
assumed to be homogeneous and isotropic. Viscous 
phenomena in the medium are accounted for by the 
introduction of a complex shear modulus. The 
analysis of the problem employs a Hankel trans-
form development of the governing field equations. 
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The mixed boundary value problem associated with 
the embedded foundation is reduced to a single 
Fredholm integral equation of the second kind, 
which is solved by numerical procedures. Finally, 
the numerical results presented illustrate the 
manner in which the dynamic load-displacement 
relationship of the embedded foundation is in-
fluenced by the viscoelastic behaviour of the 
surrounding soil mass. In the viscoelastic an-
alysis two types of energy dissipations can be 
considered; the Voigt type in which the complex 
shear modulus is frequency dependent, and the 
hysteritic type in which the complex shear 
modulus is frequency independent. In this paper 
the influence of the frequency dependent damping 
on the impedence of the embedded circular found-
ation is examined. 
ANALYSIS 
A rigid disc shaped foundation of radius a is 
embedded in bonded contact with an isotropic 
viscoelastic medium of infinite extent (Fig. 1). 
We assume that the disc foundation has an initial 
equilibrium state in which the viscoelastic solid 
is everywhere undisplaced, at rest, and free of 
stresses and body forces. The rigid circular 
foundation is subjected to a periodic load which 
enforces steady rectilinear oscillations about 
th~ z-axis, characterized by the displacement 
6e1 wt in the foundation region r<a; z=O± (the 
notation (+) or (-) refers to the faces of the 
disc foundation in contact with the soil regions 
z>O or z<O respectively). The energy dissipa-
tion in the viscoelastic medium is characterized 
by means of either Voigt type Lame constants or 
an anelastic hysteritic damping characterized by 
a complex shear modulus. For harmonic oscillat-
ions of the Voigt type viscoelastic material, the 
complex forms of the Lame constants are 
:\*= :\(l+ iw:\) 
:\ (1) 
where :\ and " are tre Lame constants of 
classical elasticity and \ and 'i:: are v iscos-
ities. Briefly, the correspondence between the 
elastic solutions and the steady state harmonic 
solutions associated with the viscoelastic sol-
utions can be summarized as follows: If the 
boundary conditions and body forces of a visco-
elastic boundary value problem are specified 
as steady stattr harmonic functions of ~i~e (i.e. 
tractions; t=t e 1 wt; displacements:U=u e 1 wt) then 
the solutio~s-for the stress and stiain fields 
will alsQ have this dependence (i.e. [a,E] = 
[?O,~O]e1wt). The steady state dynamic equiva-
lent of the linear viscoelastic stress strain 
relationship then takes the form (see, e.g., 
Lee, 19SS;Christensen, 1971) 
a 9 . 
1] (2) 
We note that the stress strain relations (2) have 
exactly the same form as linear elasticity, except 
now, complex quantities are involved. (Also in 
(2), aij is the Cauchy stress tensor; Efj is 
~he linearized strain tensor;eO=EoKK and 6ij 
1s the Kronecker delta.) To further simplify 
the viscoelastic analysis it is assumed that 
As a consequence of this assumption, Poisson's 
ratio of the viscoelastic medium is real and 
( 3) 
equal to the classical elastic value. The bulk 
modulus :\* is, however, complex and consequently 
there are energy losses associated with volume 
changes. 
The mechanical energy dissipation in soils can 
also be caused by anelastic phenomena which are 
different from viscous effects. In spite of this 
anelastic behaviour an approximate approach is 
to assume that the soil medium can be treated as 
a viscoelastic medium. For soils with such 
hysteritic damping associated with distortional 
strains the complex shear modulus takes the form 
"* = >J(l + 2inl (4) 
where n is a damping constant independent of 
frequency. The damping constant n is analogous 
to the percentage of critical damping under 
resonant conditions or during free vibrations. 
Considering the cylindrical polar coordinate 
system, the displ~ceme~t vecto: ~=(ur,u 8 ,u 2 ) 
related to harmon1c ax1sy~etr1c deformations may 
be written as u=(u,O,w)e1 wt where u(r z) and 
w(r,z) satisfy-the differential equatio~s 
(5) 
(:\* + 2 *)~ 
" a z 
0 (6) 
where p is the mass density of the viscoelastic 
medium and 
e = ~ + u + aw 




The boundary conditions associated with the 
bonded interfaces between the viscoelastic medium 
and the embedded foundation are 
ur(r,z,t) 0 on z=O~; r<a (8) 
r<a (9) 
In addition to these boundary conditions u 
should also satisfy certain radiation conditions 
to ensure that viscoelastic waves are outgoing as 
R(=l~)~oo (see,e.g., Leitman and Fisher, 1972). 
THE FOUNDATION EMBEDDED IN A VISCOELASTIC MEDIUM 
The axial displacement of the embedded foundation 
induces axisymmetric deformations in the visco-
elastic medium. Furthermore, the problem is 
antisymmetric in the normal stress a and the 
radial displacement ur about the pl~~e z=O and 
in the region r>a for all t>O. Since the fo~nd­
ation is assumed to be bonded to the viscoelastic 
medium, ur(r,O,t)=O in the region r<a. We may 
therefore restrict the analysis to a single half-
space region (z>O) of the infinite medium in 
which the plane-z=O is subjected to the mixed 
boundary conditions 
0 r>O (10) 
O<r<a (11) 
crzz(r,O+,t) = 0 a<r<co (12) 
By considering a Hankel transform development of 
the governing equations (5) and (6) it can be 
shown that the solutions for u appropriate for 
the halfspace region (z>O) are-
( t) ~ c{At;e-o:z/a + CS -Sz/a} iwt fro ur r, z, = aL 
0 
s o: ~ x 
J 1 (t;r/a) dt; (13) 









and A and C are functions of t; • By considering 
the boundary condition (10) it can be shown that 
A=-o:SC/<; 2 • Also by introducing a parameter B 
such that 
A 4(1-v)o:B (3-4v) t;k 2 c 
4 (1-v) i;B 
(3-4v) Sk 2 (18) 
it can be shown that the boundary conditions 
(11) and (12) are equivalent to the pair of dual 
integral equations 















By using the representation introduced by Noble 
(1963) 
2 f1 B(t;) = 2 soa G(t)cos(t;t) dt 
1T 0 
(22) 
the system of dual integral equations can be 
reduced to a single Fredholm integral equation of 
the second kind 
G(t) +; r K(t,T)G(T) dT = 1 
0 
in which the kernel function is given by 




This completes the formal analysis of the em-
bedded foundation problem. In the ensuing, 
results of primary interest to the engineering 
analysis of the problem will be considered. It 
can be shown that the periodic force P(t) r~­
quired to maintain the steady oscillation ae1wt 
can be evaluated in the form 







and p 2 are derived from the integral 
1 
(p 1 +ip 2 ) = f G(t)dt 
0 
It may be easily verified that at ~*~~ and 
(26) 
as t~o, (25) reduces to the static load displace-
ment relationship for a circular foundation em-
bedded in an isotropic elastic medium (Selvadurai, 
1976). The above result, (25) , can now be ex-
tended to include the effect of the self weight 
of the foundation. We consider the problem where 
the rigid circular foundation of mass M, embedded 
in a viscoelastic medium,.is subjected to a 
periodic displacement ae1wt The relationship 
between 6 and the maximum amplitude Q* of the 
periodic force Q(t) required to maintain the 





and 6(=M(l-v)/4pa3) is the mass ratio. 
For the Voigt type viscoelastic material 
v v* k -
o2 
where v*= (~v /~a) and Vs(=l;/p) is the shear 
wave velocity~ Also , k = pw 2 a 2 /~. For the 
viscoelastic material wi~h hysteritic damping 
v = 11 
( 2 7) 




APPROXIMATE SOLUTION OF THE INTEGRAL EQUATION 
There are a variety of mathematical techniques 
that can be adopted for the numerical evaluation 
of the Fredholm integral equation of the second 
kind given by (23). Comprehensive accounts of 
these methods are given by Atkinson (1976) and 
Baker (1977). In the present paper, the numer-
ical procedure used to solve this problem consists 
of reducing the integral equation to a system of 
algebraic equations by considering the real and 
imaginary parts of 8 (t) (=8R (t) +iei (t)) and 
K(t,-r) (=KR(t,-r)+iKI(t,-r)). The associated 
integrals are evaluated by Gaussian quadrature 
methods. The resulting equations for eR and 
ei take the form 
1 N 
eR(ym) + 2 L R(n){KR(y ,y )8R(y) 
n=J m n n 
and 
1 N 
+ 2 L R(n) {KR(y ,y )8I(y ) 
n=J m n n 









R (j) and g(~) are Gaussian weights defined by 
fo
l N l 
g(-rld-r =.I 2R(jlg(yJ.l J=l (34) 
and N are the number of Gaussian points. 
The real and imaginary parts of the kernel func-
tion K(t,T) take the form 
J: cos(k 0 ts)cos(k 0 -rs)MR(s)ds 
J: cos(k 0 ts)cos(k 0 ,s)MI(s)ds 
where 
M 4 (1-v) s { (s 2 c -a* )+2V(s 2 C +a* ) l -1 R (3-4v) R R I I 
a* 
13* 
4 (l-v)s {2V(s 2 c -a* ) - (s 2 C +a* ) l ( 3-4 v) R R I I 









In this section we shall present some numerical 
results which illustrate the manner in which 
viscoelastic damping influences the dynamic com-
pliance (eq(27)) of the embedded circular founda-
tion. The integrals occurring in the numerical 
analysis of the integral equation (23) have been 
evaluated by Gaussian quadrature techniques. 
Following Veletsos and Verbic (1973) and Luco 
(1976) the viscoelastic damping corresponding to 
the frequency dependent Voigt material has been 
assigned the following values:v*=O.lO, 0.30, 0.50. 
Furthermore, the compliance D(k ,v*)=6~a/jQ*j, 
as defined b~ (27), is normalize2 with respect to 
its static undamped value D(O,O). The Figs. 2, 
3 and 4 illustrate the variation of D*=D(k 0 ,v*)/ 
D(O,O), for the viscoelastic material with Voigt-
type damping. The mass ratio 6 is assigned 
values of 0.5 and 10. 
CONCLUSIONS 
In this paper we have considered the problem of 
the harmonic axisymmetric motion of a rigid cir-
cular foundation embedded in a viscoelastic 
medium. The assumption of steady state harmonic 
behaviour provides a vehicle for adopting, relat-
ively conveniently, the associated elastic solution 
in the examination of the dynamic problem related 
to a viscoelastic medium. The viscoelastic 
behaviour is characterized by a constant Poisson's 
ratio and a complex shear modulus. The visco-
elastic material is assumed to possess a Voigt-
type or hysteritic material damping. The math-
ematical problem related to the oscillations of 
the embedded rigid foundation can be reduced to 
the solution of a Fredholm integral equation of 
the second kind. This integral equation is 
solved, numerically, by reducing the equation to 
a system of linear equations. The integrals 
encountered in such a reduction are evaluated by 
Gaussian quadrature. Numerical results presented 
in the paper illustrate the manner in which the 
dynamic compliance of the embedded circular found-
ation is influenced by the non-dimensional 
frequency of oscillation, the damping factor and 
the mass ratio of the system. 
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